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Abstract The work of Gregory, Stuart and Walker (1955, Proc R Soc Ser A 406:93-106) and Hall (1986,
Phil Trans R Soc London Ser A 248:155-199) is extended to include nonlinear effects for the stationary
cross-flow vortex. It is shown that amplitude-dependent neutral modes are described by a forced Haberman
equation. The corrections to the neutral wavenumbers and waveangles are derived and it is suggested that
the nonlinear neutral modes can have wavenumbers decreased by an O(1) amount as compared to linear
theory.
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1 Introduction

In one of the first detailed experimental and theoretical investigations of three-dimensional boundary-layer
stability, Gregory, Stuart and Walker [1] (hereafter referred to as GSW), highlighted the importance of the
cross-flow mechanism and its relevance to the stationary mode observed in rotating-disk flow. Cross-flow
instabilities are characteristic of a fully three-dimensional boundary-layer flow such as that occurring on
a swept wing. The basic mechanism involved is that, in appropriate flow directions, the effective velocity
profile appears to be inflexional, and hence prone to inflexional instability. One particular profile is such
that the point of inflexion coincides with the point of zero velocity, thus giving rise to neutral disturbances
with zero phase speed, and commonly termed the stationary mode.

The paper by GSW [1] outlined the basic inviscid theory for the stationary mode. Neutral curves cal-
culated in Malik [2] for the stationary mode showed that, for large Reynolds number, the neutral curve
had two distinct branches, one the upper-branch corresponding to the inviscid mode of GSW, and another
which was termed the lower-branch mode. Hall [3], using asymptotic methods, obtained the correction
terms to the inviscid mode of GSW and showed also how the lower-branch mode of [2] could be identified
with wall modes.
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An asymptotic description of the linear and nonlinear properties of non-stationary modes is given in
[4]. In [5], the properties of unsteady nonlinear critical layers are used to study the evolution of growing
modes.

Our aim in this paper is to extend the work by GSW and that of [3] to include nonlinear effects for the
upper-branch stationary mode. Nonlinear calculations for the lower-branch mode are given in [6].

It is clear from the work of [3] (hereafter referred to as I), that the importance of the nonlinear terms will
be enhanced in the critical layer. The structure of the solution given in [3] is very similar to that occurring in
two-dimensional boundary-layer flows. The extension to include nonlinear effects is therefore very similar
to the studies of nonlinear critical layers in [7-12]. In the canonical problem, however, there are differences.
The governing equation here turns out to be a forced Haberman equation, see [7], the forcing arising from
the Coriolis terms. The other difference from two-dimensional flows is the important role played by the
mean-flow interaction terms. As in I, the corrections to the wavenumber and wave-angle stem from a
balancing of the wall-layer and critical-layer phase shifts. In the Haberman stage these corrections are
amplitude-dependent. With increased nonlinearity, the critical-layer phase shift approaches zero and the
structure of the modes is similar to that discussed in [8] for two-dimensional flows. In this limit it is found
that there are O(1) corrections to the wavenumber and wave-angle. A significant result here is that there
is a cross-over from the inflexional profile to one in which U; is non-zero at the critical layer. Here Ug(y)
is the effective cross-flow profile.

In Sect. 2 we discuss briefly the critical-layer details for the structure given in [3]. The nonlinear theory
is described in Sect. 3. Throughout this work the Reynolds number R is taken to be large.

2 Basic equations and linear theory

Consider a disk, located at z = 0, which rotates about the z-axis with angular velocity 2. With axes rotating
with the disk, the Navier—Stokes and continuity equations, suitably non-dimensionalised, are:

. 1
uwVu+2(k xu) —2rt =—-Vp + Evzu, (1)

Vau=0. (2)

Here u = (u,v,w) are the velocity components in cylindrical polar coordinates (r, 6, z) and (t, 6 ,ﬁ) are
the corresponding unit vectors in the respective coordinate directions. Also R = Q2I/v is the Reynolds
number, / is some reference lengthscale, and v is the kinematic viscosity of the fluid.

The basic steady flow is given by the von Karman [13] solution as,

u = Ug = (rii(¢), i#(¢), R 2w (¢)),

where z = R_%g“ =&, e= R*% and u, v, w satisfy,
-G+ +aw—u =0,
2u(v+ 1) +vVw—v" =0,
2u+w =0.
Primes above denote differentiation with respect to ¢. The boundary conditions on Ug are
u=0, v=0, w=0, at ¢=0,

u—0,v— -1 as ¢ — oo.
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2.1 Linear theory

Following GSW and I, we perturb the basic flow by writing
(u,p) = (Up,pB) +8(U,V.W,P)..., 3)

where § < 1 is the infinitesimal disturbance size and pg denotes the basic pressure. For linear theory to
hold, the requirement that § < O(€?) is needed to ensure that nonlinear balances in the critical-layer
region remain negligible; see later. The disturbance quantities (U, V, W, P) are now expressed as
U=Uycosx+eUj+---,

V=Vycosx+eVi+---,

W=Wysinx+eW +---,

P=Pycosx+ePy+---, 4)

where, as in I, we have introduced x-variations such that

) P teo o)t
— =€ (g + €x )=+ —,
ar 0 ! ox  Or

O e Bmy+emy 4+ )
— =€ "(my+emy+---)—.
90 0 ! ox
Here « = ag + €y +---, m/r = (my + emy + ---)/r are the scaled wavenumbers in the £,6 directions,

respectively. The x-variable here accounts for fast variations in the direction of propagation of the wave
which makes an angle tan—! (B/ra) with the radial direction. The disturbance eigenfunctions Uy, Vo, Wy, Pgy
all depend on ¢ (as well as r), but not on x. In later sections the explicit dependence on r is suppressed.
The main objective of our work is to discuss how the neutral wavenumbers and waveangles change with
amplitude of the disturbance.

Substitution of (4) in the Navier-Stokes and continuity equations yields at leading order,

—UopUp + rWoit’ = ap Py,
—UosVo + rWov' = @Po, )
—UppWo = =Py,
—Up + W =0,

where primes denote differentiation with respect to ¢, and we have defined U,p = ra,u + m,v and
Ui = anUy + (my, /1) V. Thus Upp can be regarded as the ‘effective’ or cross-flow velocity. Manipulation
of (5) gives the Rayleigh equation for Wy, namely:

UolWg — vg Wol — UggWo =0, (6a)

where y02 = aé + (m(z) /r) is the effective wavenumber.
We are interested in stationary modes, so following GSW and I, we choose «g, 19 such that

Upp=Ujz=0 at ¢=2. (6b)
The equation for Wy, (6a) together with (6b) and the boundary conditions

Wo=0 at ¢ =0,00, (6¢)
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specifies an eigenvalue problem for determining yy. The solution is given in I and it is noted that
yo = 1.16, «ag/mg=4.26/r, E = 1.46.

The behaviour of the eigenfunctions locally near ¢ = ¢ are required in the subsequent analysis and it is
easily deduced that

logPy —rWou']

! . 7
Bp1(¢ —¢) (72)

Uy ~

_Lmo/r)Po —rWov']
By (¢ =)

as { — ¢. The constants Bji are defined by

Vo ~

Bji = rajagy, + mjagy,

where

. (dka) . (dka)
ku — Tk 5 kv = Tk .
d¢ ¢=t d¢ ¢=t

Note that, whereas Uy, V) are singular at the critical layer, Wy and Uy are regular at ¢ = ¢. From (6b),
By = Bpz = 0. The eigenfunction Wy is normalised such that Wj(¢ = 0) = 1.

The viscous terms in the full equations are needed to smooth out the singularities at the critical level
¢ = ¢ and a balance of inertial and viscous terms shows that the thickness of the critical layer is O(e).

At the next order in the inviscid region, substituting (4) in the Navier-Stokes equations and writing

W1 = Wi (¢) sinx + Wic(¢) cosx,

we find that Wy, satisfies the same equation as Wy. However, Wy satisfies
Uos[W/, — ygWis] — U Wiy = 2Uos(ctory + momy) Wo

miao -1 U(/)/Bﬁ
— — —= )\ W,. 8
* (O[1 my ) ! (u Uos 0 ®

The second term on the right-hand side of (8) gives a logarithmic singularity for Wy, with the behaviour

(moay — myag)(Borazy — Bozaou)
moB3 (¢ —©)

Wi ~r (Wo),—z- 9)

as { — ¢+. The continuation below the critical layer (¢ < ¢), see Sect. 3.1 below, gives the well-known
phase jump

Wi~ ko(¢ — §)log(¢ — §)sinx ¢ > ¢,

Wi~ ko(¢ = Ollog(¢ — &) sinx +mcosx] ¢ <4,

where kj is the coefficient of (¢ — )~! in (9). Hence

(Wi =komr, [W]f=0, (10)

with []* denoting the jump across ¢ = ¢.
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Before considering the critical layer, the wall-layer problem, see I, where ¢ = €*£ and
U=Uy+---, V=Vo+---, W=eWo+---, (11)
shows that W) satisfies a forced Airy equation and, in particular, the solution properties imply that

A 3A1(0
Wongsinx— 1©

—cos(x +m/3) as &> 1. (12)
A3

Here we have defined A(> 0) by A = i’ (0) + (mo/r)v'(0). The phase-shift given by (10) matches with the
wall-layer phase shift in (12) and gives rise to the eigenrelations. In fact, a solvability condition on Wy in
the inviscid region shows that

(W) Wo — Wi WY + (W) Wo — Wi Wiy =0, (13a)

! / /17— mom o0
(Wi, Wo — WiWGIE + Wi Wo — WigWilg =2 (e + . H) /0 W2 d¢

m % (@ U — Ugyii
+rmp 2L - 70 ][ Wi | =220 ) de. (13b)
mo  my 0 Uss

Using (10), (12) and evaluating (13a), we obtain

- mio Boza T 3A1(0
WD (©Or (oq _m 0) (aZM _Bo 0”) AT (14)
mo Bo1 ) Bo 2.3

Similarly, (13b) gives

3v3A1(0) momyy\ [ 5
N2ATR) w2d
233 (aoal TR )/o 0

(W' Uy — Uit
Y i “0"211 rm()][ w2 M de. (15)
moy  mg 0 Uss

The relations (14, 15) are equivalent to the relations derived by Hall [3]. We note that the jump across the
critical layer fixes the correction to the wave-angle, and the conditions on Wy, determine the correction to
the wave-number.

Our calculations show that

00 00 i Uon — Ui
L= / Wgde =0.091, L= ][ w2 ( S22 208" ) 4 = 0,059,
0 0 Uos

which leads to

oo + mg;nl = —9.2}’_%)/(), (16a)
(ﬂ . ml‘;‘“)r —17.5r°5. (16b)
mo my
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The numbers in (16a, 16b) are different from I, because in I the jump across the critical layer has the
wrong sign in view of the basic flow properties near the critical level.
We turn next to the details of the critical layer.

3 Critical-layer analysis
3.1 Linear critical layer

Let z = €3¢ + €*n. For the linear critical layer analysis only, it is more convenient to work in terms of
complex quantities and from (7, 9) the expansions in the critical layer region take the form

U= ('00+U0, +€Uy+---)e™ +cc.,

V=("Wo+Vi+eVa+--)e" +cc.,

W= Wy+eW; + e*Ws +--)e* +cc.,

W = (Py+€ePy + 2Py +---)e¥ + cc.,

where c.c. denotes the complex conjugate.
Substitution of the above in (1, 2) yields

. 2"’

- - - —1ysP - -

Py =Py =const, Wy= go 0, ragUp + moVy =0,
01

and U satisfies the equation
5

. ~ d“Uy
1(Bo1n + B1o)Uo —

an? = —i(oe()i)() + Woralu).

The solutions for Uy then give the required behaviours (7) as 5 — +o0. At the next order Wy has a trivial
solution. W, satisfies the equation

, &w,  d'w, .
—1(Boin + Blo)d—n2 + T —iyg (Boin + B1o)Wo

(L +ag)dVy -
2y =0 20 W (Boan + Bio). (17)
ay dp

The second term on the right-hand side of (17) arises from the influence of the Coriolis force and can be
removed by writing

d*w, 2 Biz\ 5 5 (1 + agy) d*V
=Q 2083\ w, Sraw) Vo
dn? 2 (VO * 301) 0+ Boiag  dn?
Here Q; satisfies
. Q- BB
i(Boin + B1o)%2 — —— =Wy (312 - 10) : (18)
dn Bop

The solution for €5,

00 . B
Q) = i|Bgy |73 (312 - —B03B10)/ e—f3/3el(”+T£)|B()1|2/31dt
Boy 0
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gives the continuation below the critical layer and the required ‘—ix’ phase jump. This completes the
details of the linear critical layer.

We consider next what happens when the disturbance size § is increased. As in previous critical-layers
studies, nonlinear balances will first significantly alter the properties of the critical layer, and this happens
when § = O(e?).

4 Nonlinear critical layer
4.1 Inviscid region

Here, with z = €3¢, the above discussion suggests that in this region the expansions for the flow quantities
will take the form

u = rit + eiiyg () + €2 (it + up1 () + €30y + iy + -+, (19a)
V=714 ey (C) + €2Fo + v () + €0 + €4+, (19b)
w =Wy + e W+, (19¢)
p=epo+epr+--. (19d)

The additional terms iy, Vs at O(e) are necessary because of the properties of the nonlinear critical layer,
see [7, 9, 10]. It is noted also that the disturbance for the w-component of velocity is larger than the basic
flow in this direction. Next writing,

(&0, Vo, Wo, po) = A(ug(¢) cos x,vo(¢) cosx, wo(¢) sinx, po(¢) cos x), (20)

and substituting in the Navier—Stokes equations then shows that wy(¢) satisfies the Rayleigh equation (6a)
with boundary conditions (6b, 6¢). In (20) the amplitude constant A is O(1), given that the disturbances
represented by the terms of (i, Vo, wo, po) are of O(€?).

At next order the cos x component of wy, say wy,, satisfies the same equation as wy. The sin x component
of wg, wis now satisfies

mom
Uos W], — yiwis) — Ujgwis = 24 (Oloom + 3 1) Wo
_ 4 Wou + Uip) [U()/B _ Uy + Ui/B):|
Uon U (Uom + Uip)
where Uyy = agity + “£vy. The appearance of the mean-flow terms in (21) will thus alter the eigenre-

lations determining the corrections to the wavenumber and wave angle. The eigenrelations will also be
affected by the properties of the nonlinear critical layer, and it to this that we turn our attention next.

1)

4.2 Critical-layer expansions

The expansions in the critical layer region are now, with z = €37 + €%,

u = ragy, + €tig + 62121 + 63122 4+, (22a)
v =rag, +evg+ e v+ -, (22b)
w = €W + (€31 + aow) + €* (2 + apm) + -+, (22¢)
p=epo+epr+ehrto. (22d)
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The agy,ay,n terms in (22¢) come from expandmg the basic flow for the w-component of velocity. The
leading-order problem with it = ajity + /vk is

ol ow
g0 L Mo _ g (23a)
dx 87)
_ ol dpo %@L
(Bio + uoo)— g =~ ﬂ + —20, (23b)
an an
v mg Op RXaY
(Bio + uoo)— +ivg el = O EPO —20, (23¢)
an r ox an
op
o _ . (23d)
an

These equations may be solved for the cross-flow component, by taking «g times (23b) added to mg/r times
(23c). After matching with the inviscid regions, this gives

2 ax 2
Y5 9o YyApoo . . - .
=2 0 _ K sinx, po=Apoocosx, poo =po(), oo = Born + Coo, (24)
By ox Bo1

and Coo = aoujj\t,l(;: ) + (mo /r)vf,l(f ) is independent of 1 and therefore does not jump across ¢ = ¢. Writing
Biy = Big + Coo, Vo satisfies,

. OV mq dpg 3217()
Bio+ Boyn) =2 4y 0 — T0P0 T H0 25
(Bio + 0177) +Wo o ox T P (25)

Equation 25 can be written in a more standard form with the normalisations:

VO2Ap00ralv 1 _CY = @ +n
By |Bo11Cs’ * Bot '

- my
Vo = rap,n + Ko(Y = V§), Ko= |:TP00A -

2 - Y¢APoo
01

., Boiae = C.3. (26)
and then V satisfies the Haberman [7] nonlinear critical layer equation,

vy AV A%
ax Yy "¢ an?

=0, (27a)

with boundary conditions,

e

1%

M (€)+cosx
Ko Y

Vi~Y + as Y — oo, (27b)

to match with the inviscid zone. The parameter A. arising from the normalisations gives a measure of
nonlinearity in the sense that linear theory corresponds to . — oo and strong nonlinearity when A, — 0.
The properties of Eq. 27 are well known; see [7,9, 11]. In particular, V{ plays the role of the vorticity here,
so that with V§ = 821,06‘/8Y2, and

g YE v
Y 2 Ko

Y—i—cosxln|Y|+BaE(x) as Y — *oo.
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It can be shown that

@) - @ _ 1

2he
Ky T

2w
/ (B§ — By)sinxdx = p. (28)
0

In the limit that A — 0, A, — oo and u — —n corresponding to linear theory. For A > 1, A, — 0 and
p — reC with CV = —5.516. In the limit A, — 0 the solution for V{ is given by

Y? p
Vi=Low), p =5 +cosx, um=m+Awam (29)
with
2 _ 1
L(p) = +—- T 1 for { Y > V2(p ~ cosn)? 1,
0 V2(p — cosx)? dx Y < —v2(p — cosx)2

L(p) = Ly inside the cat’seyes |Y| < «/5(,0 — cos x)%.

In particular, from (28)

3\ 00 1 - — (= 1
(VHZ, = X (Vi) —viy(©) = Ecﬂ) for A> 1. (30)

Thus, the problem for V| shows that, even though the jump in the effective mean flow is zero, the separate
components iy, vy do suffer jumps across ¢.
For O(1) values of )., a numerical solution of (27) is necessary, which can be found in, for example, [7].
The second-order problem gives rise to the set of equations,

d . - 3W1
a—(um +u10) + —— =0,
X an
Ni(ity, i )+r(a2 —(1—|—a2 ))z—a 8Lzl—oc 8—130
11, 1o Ou Oy 0 ax 1 Ix P
. mp 0p1 My 9po
N1 (1, 70) + 2ragu(1 + agy) = ——2 2PL _ TLIPO,
r 0x roox
with the operator Ny defined by
. . diy dmg | . Ohy | . dig 9%y
N1 (g, o) = (Bio + Boim)—— + (B2o + w10 + uo) —— + wo—— + W1 +aow) —— — ——-
ox ox an an an
These equations can be solved by setting
- _ Y1 Y
upr + U0 = ——, Wi =——7—
an ax
to get
uot + 1o = —Boid(x,r), (31)

where d(x, r) can be determined by matching, although we do not need it explicitly.
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The continuation below the critical layer requires the solution of the third-order problem, where
(i, V2, W2, p2) satisfy the equations

J . . - ow
Z(fioz + i1 + fi20) + —— =0, (32a)
dx an
-~ - - - - ol ap ap ap
Na(ita, ity fig) + 00, — 20,50 — 250 + ragu — = — (a0 "L2 + oy 22 4 @y P2 | (32b)
ar ox ox 0x
dvo  (modpy  mydpy | mpdpo
Na(92,V1,V0) + aouvo + 2ito + aouo + aovito +rapu—— =~ ———+———+——— (32¢)
ar ro ox roox roox
- 0wy ap?
(Boin + Bi) o2 = -2, (32d)
dx an
The operator N, above is defined by
L iy . dup
Na (a2, iy, o) = (Boin + Blo)— + (Bao + 19 + u01)— + (B30 + 20 + 11 + uoz)— + W
ity - BITH 92 1753 282u0
+(w1 + aoMW + (W2 +a1wn)ﬁ TR T
If we let
i . - ~ 1) -
—— =up +up +u0, —— =-—ws,
an ax
then, using (24, 31) and after some manipulation, it can be shown that v, satisfies
Y2\, - P 3t 5o
(Boin +Blo)— —— )+ Wo—5 — —5 = —Boz — y§(Boun + Bio)ino
an an’d ant
21 +a d
—( 02)74 |:£ — ralvj| (33a)
) an
The boundary conditions on y, to enable a match with the solutions outside the critical layer are
Y2 m o\
— ~Bi—+ (B Cy) = C B
. 036 + (Bia + Cpp) = + (Dgy + Ciy + Bar) n
Boi (B12 + Cj,) — BosB 2PooA
" 01 ( 12 gz) 03810 [ Yo L 00 cos xlog || + Ui(x), (33b)
By, Boy
as n — too. Here
k My =\
G = (it © + =L ) (34a)
k mo _(k
D3 = (il & + "0 D) (340)

Equation 33a is the nonlinear counterpart of (17). We note that the d/dr terms have cancelled out when
working in terms of the cross-flow components, but they do not disappear in the equation for iy, ;. Also
the terms in (33a) stemming from the Coriolis forces, cannot be removed, unlike in the linear case, primarily
because the equation here is nonlinear. This and the —Bg3 term (arising from the basic flow) provide the
forcing in the resultant Haberman equation below. The C&,D?ﬁ contributions stem from the mean-flow
terms in the inviscid region, as can be seen from (19).
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The normalisations (26) together with

P R Vo - 3 Bo3B1o
—_— = — _ N = —C B - *, 35
o P + By 0 V2 A\ Br- g, V5 (35)

reduces (33) to the canonical form,

N A s vy
Ya(ayz + sinx 3Y3 _ACW = D3\ + 0y (1_ BY)’ (36&)
IV} Y3 L Y? "

~ —D3— 14+b7)— di+b7)Y

Ve 36+(+2)2+(1+1)

+(1+ bzi) cosxlog|Y| + YF (x) + Fli(x) as Y — +oo. (36b)
Here

_ BoiBia — BisBuo 201 + apy)vy Ko Ds = BosCi s (&
‘ B © 7T alBotleeCE a = a

B(BB%O B10B]2 + Bloc(:)tZ + n

-C.D =B - —Cyach: = — D CT. 37

«Dioe 21t 2B, Boy x0cDy Byl + Dy, + € (37)

Equation 36 is a forced Haberman [7] equation and is different from previous studies on critical layers
because of the forcing terms in (36a), and the extra Y3,b2i contributions in the boundary conditions.
Nevertheless (36) does have properties similar to the Haberman [7] equation.

Identities relating the jump in the velocity to that in the mean vorticity can be derived as for the
Haberman equation. These are obtained by integrating (36) with respect to Y, then over a period; see ([7]).
It is found that

O

~ e (65 = b3) = = (g~ ) 69

and

2w
*

— (¢ —
¢—2kc(bf—b1)=—; | (B§ — By) dx. (39)

The quantity ¢ = % 02 ™ sin x(FlJr — F[") dx is the jump in the sinx component of 3y,/dY

We consider next how the jump in the velocity modifies the eigenrelations.

4.3 Nonlinear eigenrelations

The leading-order wall displacement is basically the same as in the linear case. The expansions in the wall
layer (z = €*¢) are

u:erﬁ(0)+ezuo+~-~ ,

v=erv(0) +e>vo+ -,

w=ewo+--,

p:e3p0+....
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Solutions for the fundamental are as in the linear case, see (11), and after matching with the w; component
in the inviscid regions gives

—3Ai'(0)

w)(¢ =0)= 7
A3

A cos (x + %) . (40)

The critical-layer problem (36) determines the jump conditions on dw1/dn and with the above normalisa-
tions we find that

B12Bo1 — BosBio
(wio) " = Clop == =,

W)t = 0. (41b)

Hence the resulting eigenrelations are

(41a)

3AT'(0) - ( B12By1 — Bo3B
- 1 = (_¢)W%(§)( 1270t 5 10 s (42&)
23 B2,
and
3V3 . momy .,
Ai'(0) = 2 (@oary + / wi d¢
203 ( r? ) 0 0
= 1 17 1" W%(;)
—/ [Uog(Uom + Uip) — Uop (Ugy, + Ufp)| —5— d¢. (42b)
0 Uos
Now
% _ BiBo — Bo3Byo
By B},
r myag \ [ a2uBo1 — Bozaou By3Coo
A 3 mo— —5>—. (43)
mo mo BOl B01

The last term in (43) involving Cyp is not present in the linear case and represents the effects of the
mean-flow term.
From (16), (40), (42) we finally obtain

ap o« 1w Bo3Coo
(m_o - om )= e (—_¢) " mo(a2uBo1 — Bozaou) (442)
0 uBo1 03a0u
mon 1w 1 [/ Bo3Coo
— o () | (2w )y 44b

(aoal * r ) ’ <—¢) 25 [mo (azuB(n — Bozaou ] (440)
where

o0 00 U()Bﬁ” _ U// 12 00 U// uom — UOBM//
J1 =/ W%dé‘, JZZmO][ —203(1;’ 132][ 0B 5 oM d{

0 0 Ui 0 Uos

The corrections to the wave number and wave angle given by (44) are the main results in this paper and
show the dependence of the wavenumber and angle on the neutral amplitude A via the phase jump ¢, and
the mean flow terms. For a given A and hence A, a numerical solution of the forced Haberman equation
(36a) is required to determine ¢. If A, — oo, corresponding to A — 0, it can be shown that ¢ — —n and
a match with linear theory is achieved. For large amplitudes A > 1 then A, — 0 and the solution of the
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Haberman equation gives rise to the cat’s eye structure with ¢ approaching zero. The limiting structure is
akin to that of the strongly nonlinear critical layer [8]. The full details of this limit are omitted here, (these
are available by request from the author), but the analysis suggests that there is a cross-over from the
inflexional instability to Benney—Bergeron type modes. These are amplitude-dependent stationary neutral
modes.

5 Discussion

In this paper we have discussed critical layers in rotating-disk flow and have shown how the calculation
of the wavenumber and waveangle depend crucially on the properties of the nonlinear critical layer. For

very small amplitudes A (<& R_%) the stationary modes correspond to inflexional modes and are the same

as those first discussed in [1]. For increased amplitudes A ~ R™3 these modes are again inflexional but are
now amplitude-dependent and require the solution of the forced Haberman equation with novel boundary

conditions. For larger amplitudes A > R’%, specifically A ~ R’%, there is a cross-over from the inflexional
modes to Benney-Bergeron-type modes. If we assume Cpg = 0 in (44a) and b;r = b; to leading order
in (38), then in this second stage the wavenumber is decreasing as the amplitude increases, and an O(1)

change in the wavenumber is predicted when A ~ R~5. The decreased wavenumber, corresponding to
fewer vortices, is in qualitative agreement with experiments.

In GSW it was suggested that viscosity would account for the discrepancy between the observed and
calculated values of the wavenumber from linear theory. The influence of nonlinearity, as shown here, can
significantly alter the wavenumber and it is possible that the experimentally observed modes are highly
nonlinear stationary modes of the type discussed here. Of course a more quantitative comparison with
experiments requires a solution of the nonlinear forced Haberman problem which is left open.
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